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Abstract
It is proved that within an n-gon there exists a directed path using diagonals of all n − 1 lengths
exactly once excluded an arbitrarily ﬁxed length.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Consider the following conjecture of Brian Alspach:
Conjecture 1. Given n and t lengths li , 1 l1 < l2 < · · ·< ltn−1, of directed diagonals
within an n-gon such that
∑t
i=1 li /≡ 0 (mod n). Then there exists a directed path within the
n-gon using each of the given lengths exactly once (and no vertex twice).
Here the length of a directed diagonal within any kind of an n-gon is the number of sides
of the n-gon between the starting and the end vertex counted in a ﬁxed direction.A directed
path is a sequence (d1, d2, . . . , dt ) of directed diagonals such that the end vertex of di is
the starting vertex of di+1 for i = 1, 2, . . . , t − 1.
In other words, it is conjectured that for any subset of {1, 2, . . . , n− 1} with the sum of
its elements /≡ 0 (mod n) there exists a permutation of the elements of this subset such that
no set of consecutive elements in this permutation has sum ≡ 0 (mod n).
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Fig. 1. Solution for n= 8 and {1, 2, 3, 4, 5, 7}.
As an example, for n= 8 and the subset {1, 2, 3, 4, 5, 7} we have the path in Fig. 1 or the
permutation (1, 3, 7, 2, 5, 4).
It was mentioned by Brian Alspach that the correctness of Conjecture 1 would shorten
some cases of the existing proofs concerning the existence of cycle decompositions of
complete graphs and complete graphs plus or minus a 1-factor [1,3,4], and of directed cycle
decompositions of complete symmetric digraphs [2]. However, the problem is interesting
in itself.
We have checked that Conjecture 1 is true for t5 and by computer for n16. Here we
will consider the two cases t = n− 1 and n− 2 only.
2. Conjecture 1 for t = n− 1 and n− 2
For t = n− 1 a simple construction is known.
Theorem 1. Conjecture 1 is true for t = n− 1.
Proof. There is only one subset with t =n− 1 elements. The sum of these elements is (n2
)
,
which is /≡ 0 (mod n) only for n even. In this case (1, n−2, 3, n−4, . . . , 4, n−3, 2, n−1)
is a desired permutation corresponding to the zigzag path in Fig. 2 for n= 12. 
Themain purpose of this paper is to present a proof of the next small step towards proving
Conjecture 1.
Theorem 2. Conjecture 1 is true for t = n− 2.
Proof. Ifn ≡ 1 (mod 2) there exists a directed cycle using each of the lengths 1, 2, . . . , n−1
exactly once. This cycle corresponds to the following permutation (lengths modulo n):
(1,−2, 3,−4, . . . , (−1)(n+1)/2(n− 1)/2, (−1)(n+1)/2(n− 3)/2, . . . ,
4,−3, 2,−1, (−1)(n−1)/2(n− 1)/2).
Two examples are shown in Fig. 3.
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Fig. 2. Solution for t = n− 1, n= 12.
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Fig. 3. Directed cycles for n= 9 and 11.
By deletion of the missing length a path with n− 1 given lengths is constructed.
If n ≡ 0 (mod 2) we construct a path using all lengths 1, 2, . . . , n− 1 and starting with
a ﬁxed length x. Then, deleting x results in a path for the subset without x. It sufﬁces to
consider x <n/2 since switching the directions of the diagonals results in a path starting
with n− x and since (n2
)− n/2 ≡ 0 (mod n) excludes x = n/2.
For odd x we use induction on x. As induction base we use the paths as in Fig. 2 for
x = 1, the paths as in Fig. 4 for x = 3, n= 14 + 4s, and the paths as in Fig. 5 for x = 11,
n= 28+ 12s, s = 0, 1, . . . . The paths in Figs. 4 and 5 consist of a starting block of 7 and
14 vertices, followed by s periodic blocks of 4 and 12 vertices each, respectively, and by
the rotated image of the starting block (not shown in Fig. 5). Thus all paths of the induction
base (Figs. 2, 4, 5) are invariant under rotation by  and they consist of two parts connected
by an edge of length n/2. If within one part undirected diagonals with each of the lengths
from 1 to n/2 − 1 occur then it is guaranteed that the whole path uses each length from
1 to n − 1 exactly once. These paths also have the zigzag property, that is, the vertices of
the n-gon are partitioned into two sets (left and right) of n/2 consecutive vertices such that
the path uses the vertices of these two sets alternatingly. Moreover, the starting diagonal of
length x is parallel to the diagonal of length 1, that is, there are the same numbers of vertices
within the two sets of consecutive vertices between the vertices of the two diagonals.
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Fig. 4. x = 3, n= 14+ 4s.
11
Fig. 5. x = 11, n= 28+ 12s.
For given odd x1 and even n2 we now assume as induction hypothesis that for all
odd x1 <x and all even n1 > 2x1 there exist (n1, x1)-paths, that is, zigzag paths in an n1-gon
using all diagonal lengths exactly once, being invariant under rotation by , and starting
with a diagonal of length x1 which is parallel to the diagonal of length 1.
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Fig. 6. x1 = n1/2.
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Fig. 7. i ≡ 1 (mod 2).
For the induction step, observe that there exist i and s such that
n= 2(x + i)+ (x + 1)s, s0, 1 i x + 1
2
.
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Fig. 8. i ≡ 0 (mod 2).
If i ≡ 1 (mod 2)we use an (n1, x1)-path for n1=x−1 and x1= i existing by the induction
hypothesis except for x1 = n1/2. In this case we use a path as in Fig. 6. If x1 >n1/2, the
induction hypothesis guarantees a path by switching the directions. All these paths cover
(undirected) diagonals of lengths 1, 2, . . . , x − 2, where the minimum number of sides of
an n-gon between the vertices of a diagonal is counted. At the endpoint of the diagonal of
length n1 − x1 (or of length x1 + 1 if x1 = n1/2) we continue with diagonals of lengths
x−1, x+ i−1, x+ i−2, . . . , x+1, x to obtain the starting block of the desired (n, x)-path
(see Fig. 7).
Then we use s periodic blocks of x + 1 vertices each. The ﬁrst block has diagonals of
lengths 2x + i, 2x + i − 1, . . . , x + i + 1 and the diagonals of lengths 2x + i and x1 (or
x1−1 if x1=n1/2) are connected by a diagonal of length x+ i. The further periodic blocks
are added analogously. If s=0 then the diagonal of length x+ i=n/2 connects the starting
block and its rotated image, that is, the diagonals of lengths x1 and n − x1 (or x1 − 1 and
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Fig. 9. x = 3, n= 10.
3 2
Fig. 10. x1 = 3, n1 = 12 reduced to x = 2, n= 10.
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Fig. 11. x = 2, n= 8.
n − x1 + 1 if x1 = n1/2). Note that for x1 = n1/2 it is possible to ﬁt in the diagonals of
lengths x − 1 and x + i since the diagonals of lengths x1 and n1 − x1 are parallel to the
diagonal of length 1 by the induction hypothesis. For x1 = n1/2 the paths as in Fig. 6 are
used.
If i ≡ 0 (mod 2), then for x1=i+1 and n1=x−1we obtain the desired path analogously
(see Fig. 8).
Since the constructed path for x and n is a zigzag path, the rotated image of itself, and has
parallel diagonals of lengths x and 1, the induction is complete for odd x except for x = 3
and n= 10. In this case a desired path is given in Fig. 9. By checking all cases, no zigzag
path exists for x = 3 and n= 10, so that the case x = 11 and n= 28+ 12s had to be proved
in the induction base.
For even x and even n we use for x1= x+ 1 and n1=n+ 2 the just constructed (n1, x1)-
path, which is a zigzag path being the rotated image of itself. In this path we contract
the diagonals of lengths 1 and n − 1 to obtain two vertices less and the lengths of the
remaining diagonals are reduced by 1 (see Fig. 10). For x = 2 and n= 8 we use the path in
Fig. 11 since there is no zigzag path for x1 = 3 and n1 = 10. This completes the proof of
Theorem 2. 
It may be remarked that in the proof of Theorem 2 we have constructed paths restricted
to more properties than required in Conjecture 1. There exist many more desired paths in
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general. For example, for x=2 and n=8 there are only 3 paths with all lengths and starting
with 2 but there are 26 desired paths for {1, 3, 4, 5, 6, 7} and n= 8 such that a diagonal of
length 2 cannot be added.
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